Abstract-Deformable conductors are frequently encounted in microelectromechanical systems (MEMS). For example, in electrostatic MEMS, microstructures undergo deformations because of electrostatic forces caused by applied potentials. Computational analysis of electrostatic MEMS requires an electrostatic analysis to compute the electrostatic forces acting on micromechanical structures and a mechanical analysis to compute the deformation of micromechanical structures. Typically, the mechanical analysis is performed by a Lagrangian approach using the undeformed position of the structures. However, the electrostatic analysis is performed by using the deformed position of the conductors. In this paper, we introduce a Lagrangian approach for electrostatic analysis. In this approach, when the conductors undergo deformation or shape changes, the surface charge densities on the deformed conductors can be computed without updating the geometry of the conductors. The Lagrangian approach is a simple, but critical, idea that radically simplifies the analysis of electrostatic MEMS. [715] 
Algorithm 1
Procedure for coupled electromechanical analysis repeat 1. Do mechanical analysis (on the undeformed geometry) to compute structural displacements 2. Update the geometry of the conductors using the computed displacements 3. Compute surface charge density by electrostatic analysis (on the deformed geometry)
4. Compute electrostatic forces (on the deformed geometry) 5 . Transform electrostatic forces to the original undeformed configuration until an equilibrium state is reached
In Algorithm 1, initial or undeformed configuration refers to the configuration shown in Fig. 1(a) . As the name implies, the undeformed configuration refers to the position of the conductors before any deformation has taken place. Deformed configuration refers to the position of the system after one or more structures have undergone a deformation. For example, shown in Fig. 1(b) is a deformed configuration of the system when the beam has undergone a deformation. It is important to note that a deformed configuration does not necessarily refer to the final equilibrium position of the structure for an applied voltage. It could simply be an intermediate deformed state before a final deformation or an equilibrium state is reached. The two primary steps in Algorithm 1 are mechanical and electrostatic analyzes. Mechanical analysis is performed to compute the deformation of the structures given electrostatic forces. Electrostatic analysis is performed to compute the surface charge densities and the electrostatic forces. Mechanical analysis is typically implemented using the initial or the undeformed configuration. When the structural displacements are computed using the mechanical analysis, the geometry of the structures is updated (referred to as the deformed configuration) and electrostatic analysis is performed on the deformed configuration to compute the surface charge densities. Once the surface charge density is known, the electrostatic forces are computed on the deformed configuration and transformed onto the initial configuration. Using the computed electrostatic forces a mechanical analysis is again performed in the initial configuration to recompute the structural displacements. This procedure is repeated until an equilibrium position is reached. Typically, the mechanical analysis is performed by using a finite element method (FEM) [4] and the exterior electrostatic analysis is performed by using a boundary element method (BEM) [5] .
A major difficulty with the approach described in Algorithm 1 is the need to update the geometry of the structures before an electrostatic analysis is performed during each iteration. This presents several problems-First, flat surfaces of the structures in the initial configuration can become curved due to deformation. This requires the development of complex integration schemes on curved panels [6] to perform electrostatic analysis. Second, when the structure undergoes very large deformation, remeshing the surface may become necessary before an electrostatic analysis is performed. Third, interpolation functions, used in many numerical methods, need to be recomputed whenever the geometry changes. Each of these issues significantly increases the computational effort making the self-consistent analysis of electrostatic MEMS an extremely complex and challenging task. If both mechanical and electrostatic analysis can be implemented using only the initial configuration, then the selfconsistent analysis of electrostatically actuated devices would be radically simplified (see Algorithm 2) . Hence, we ask the following fundamental question in this paper: Is it possible to perform electrostatic analysis on the initial configuration instead of using the deformed configuration? The answer is positive.
Algorithm 2
Procedure for coupled electromechanical analysis by using a Lagrangian approach for both mechanical and electrostatic analysis repeat 1. Do mechanical analysis (on the undeformed geometry) to compute structural displacements 2. Compute surface charge density by electrostatic analysis (on the undeformed geometry) 3. Compute electrostatic forces (on the undeformed geometry) until an equilibrium state is reached
II. INTRODUCTION
To restate the question posed at the end of the last section, consider a two conductor system as shown in Fig. 2 . and denote the original geometry of conductor 1 and conductor 2, respectively, and denote the surface or boundary of conductor 1 and conductor 2, respectively, denotes the deformed shape of conductor 1, denotes the deformed shape of conductor 2, and denote the deformed surfaces of conductor 1 and conductor 2, respectively, and is the domain exterior to and . A potential of is applied on conductor 1 and a potential of is applied on conductor 2. The applied potentials do not change as the conductors undergo deformation or shape changes. The objective is to compute the surface charge density on the two conductors in the deformed position.
The question we pose in the paper is can we compute the surface charge densities on and by solving the electrostatic equations on the undeformed positions of the two conductors, i.e., using and . As discussed in the previous section, electrostatic analysis using the undeformed position of the conductors can provide significant advantages. Borrowing ideas from the well known Lagrangian description of mechanics [8] , we introduce a Lagrangian approach for electrostatic analysis. In the rest of the paper, a Lagrangian approach for electrostatic analysis refers to the solution of the electrostatic equations on the undeformed position of the conductors.
Even though we have used electrostatic MEMS as an example to motivate the need for Lagrangian electrostatic analysis, the approach described in the paper can be used to efficiently compute the surface charge densities or electrostatic forces whenever conductors undergo shape changes. The rest of paper is outlined as follows: Section III summarizes the deformed configuration approach to compute the electrostatic forces, Section IV describes the Lagrangian approach to compute the electrostatic forces acting on deformed structures, Section V compares the results obtained with deformed and Lagrangian approaches and conclusions are given in Section VI.
III. ELECTROSTATIC ANALYSIS: DEFORMED CONFIGURATION APPROACH
We will deal with two-dimensional (2-D) electrostatic problems in this paper, but the approach can be extended trivially for three-dimensional (3-D) problems. Consider again the two conductor system shown in Fig. 2 . The governing equation along with the boundary conditions for the exterior electrostatics problem is given by [9] in (1) on (2) on (3) where is the domain exterior to and . An efficient approach to treat exterior electrostatic problems is to use a boundary element method [5] . A boundary integral equation for the electrostatic problem is given by [10] (4) (5) where is the unknown surface charge density, is the source point, is the field point, is the Green's function and . In two-dimensions, , where is the distance between the source point and the field point , is the permitivity of the free space, is the total charge of the system ( ) and is an unknown variable which needs to be computed. The constant is introduced because the potential at infinity is not zero for 2D electrostatics. Note that the variables in the governing equations (1)- (3) and the boundary-integral equations (4), (5) are written with respect to the deformed positions of the conductors. Hence, this approach is referred to as the deformed configuration approach.
A classical boundary element method is used to solve the boundary integral formulation given in equations (4), (5) . In a classical boundary-element method, the surface is discretized into panels and the surface charge density is assumed to be constant on each panel. The centroid of each panel is taken as the collocation point and the value of the potential and the surface charge density at the collocation point represent the value of the potential and the surface charge density on the panel. The boundary integral equation for a source point can be written as (6) (7) where is the number of panels, is the length of the th panel, is the field point on the th panel and is the unknown charge density for the th panel. Equations (6) and (7) can be rewritten in a matrix form as (8) where is a coefficient matrix, and are the right hand side and unknown vectors, respectively. The entries in the coefficient matrix are given by (9) (10)
The vector in (10) is known from the potential boundary conditions. The unknown surface charge density vector in (10) can be computed by solving the matrix problem in (8) . Once the unknown surface charge densities are computed (note that these surface charge densities are on the deformed geometries), the electrostatic force on a panel on the deformed geometry is computed by [3] (11) where is the force per unit deformed area and is the outward normal of panel in the deformed configuration.
IV. ELECTROSTATIC ANALYSIS: LAGRANGIAN APPROACH
In the deformed configuration approach described in the previous section, boundary integral equations (4), (5) are defined and solved on the deformed geometry of the conductors. In this section, we introduce a Lagrangian formulation, where the boundary integral equations defined on deformed geometries are mapped to the initial or the original configuration of the conductors. The boundary integral equations with the Lagrangian description are then solved numerically in the initial configuration to compute the surface charge density and the electrostatic forces on the deformed configuration of the conductors.
A. Lagrangian Description in 2-D: Basic Concepts
When a material body is subjected to a force, either internal or external, its geometrical shape undergoes a change. As shown in Fig. 3 , the initial configuration of a body is denoted by (all quantities in the original configuration are denoted by capital letters) and the deformed configuration of the body is denoted by (all quantities in the deformed configuration are denoted by lower case letters). Consider an infinitesimal segment on the boundary of . Let be the point where the infinitesimal boundary segment is directed from, be the position vector of and be the vector representing the infinitesimal boundary segment. When the body deforms to the deformed configuration , particle moves to and its position changes to . The boundary segment in the initial configuration deforms to in the deformed configuration. Note that the boundary segment changes not only in length but also in direction when it deforms.
The displacement from to is denoted by vector . The physical quantities in the deformed configuration can be expressed by the corresponding physical quantities in the initial configuration (Lagrangian description) as described as follows [8] :
where is the deformation gradient tensor given by for 2-D (14)
The components of the position and displacement vectors are given by for 2-D
In the initial configuration, the infinitesimal boundary segment can be represented by the product of its length and its unit direction vector . Similarly, the boundary segment, , in the deformed configuration can be represented by the product of its length and its unit direction vector .
(16)
By using the above relations, the geometry of a deformed structure can be expressed in terms of the geometry in the initial configuration and its deformation information.
B. Lagrangian Electrostatics
In the Lagrangian approach, we map the boundary integral equations in the deformed configuration, (4), (5) , to the initial configuration by representing each component in (4), (5) by its counterpart in the initial configuration.
The electric potential, , on the conductors and the dielectric constant of the medium are constants in the deformed and the initial configurations. Using (12) the Green's function in two dimensions, , can be rewritten as (18) where and are the source and field points in the initial configuration corresponding to the source and field points and in the deformed configuration, and are the displacements of points and , respectively. For coupled electromechanical analysis, these displacements are computed by a mechanical analysis. Using (13), (16), and (17) the length of an infinitesimal line element, , in the deformed configuration is expressed in terms of the length of the corresponding line element, , in the initial configuration by 
where is the Green deformation tensor. At a specified point ,
Typically, the unknown quantity, such as the surface charge density, is approximated by using interpolation functions. In the deformed configuration, the surface charge density can be expressed as (24) where is the surface charge density at , is the value (constant) of the surface charge density at point and is the interpolation function of point evaluated at . If the surface charge density needs to be computed in the initial configuration, then Equation (24) needs to be mapped to the initial configuration, i.e.,
where is the surface charge density in the initial configuration, is the interpolation function of point evaluated at in the initial configuration.
The Lagrangian form of the boundary integral equations given in (4), (5) Observe that the integrals are now defined over surfaces ( ) in the initial configuration and all the quantities inside the integrals are also defined using the initial configuration. Substituting (24) and the Green's function given in (18), (26), (27) can be rewritten as (33) where is the number of panels, is the length of th panel, is the field point on the th panel and is the constant charge density for th panel. Equations (32), (33) can be rewritten in a matrix form as (34) where is coefficient matrix, and are right-hand side and unknown vector, respectively. The entries of the coefficient matrix are given by (35) and (36) as shown at the bottom of the next page. By substituting the potential boundary conditions on the conductors and the total charge into (36), the surface charge density on the panels can be computed from (34). Comparing (35) with (9) , an extra term needs to be computed in the Lagrangian approach. The Green deformation tensor is a 2 2 matrix in 2-D and a 3 3 matrix in 3-D. Similarly, is a 2 1 vector in 2-D and a 3 1 vector in 3-D. Since these are small matrices the additional computational cost is minor and is typically 5% more than the cost required to evaluate (9) .
Once the surface charge densities on the deformed configuration are computed, the electrostatic forces acting on the deformed geometry can again be computed by using (11) . By transforming the electrostatic pressure on the deformed configuration to the initial configuration, , and applying the Nanson's Law [8] , , the electrostatic force per unit undeformed area in the initial configuration (denoted by ) can is given by (37) where and are the infinitesimal deformed and undeformed area, respectively, is the determinant of , and are the electrostatic force vector and the outward normal on panel in the initial configuration, respectively.
V. NUMERICAL RESULTS
Numerical results are presented for several two-dimensional two conductor problems using the classical boundary-element method. A potential difference is created between the two conductors and the surface charge density is computed by both the deformed configuration approach and the original configuration (or the Lagrangian) approach. For simplicity, the permitivity of the free space in (4) is set to be 1 and for all the examples.
As a first example, we consider two 1 1 square conductors separated by a distance of 2 units along the -axis. A potential of 1 volt is applied on the left conductor and the right conductor is grounded. The left conductor is subjected to a shear deformation as shown in Fig. 4(a) . The dashed line represents the initial configuration of the left conductor and the solid shape is the deformed configuration. Note that the right conductor is fixed and does not undergo any deformation. The displacement field of the deformed conductor is given by (38) where is the -component of the displacement and is the -component of the displacement. The objective is to compute the surface charge density on the two conductors when the left conductor undergoes shear deformation.
In the deformed configuration approach [summarized in (6) and (7)], the deformed position of the left conductor and the right conductor are each discretized into 80 panels to compute the surface charge density. In the Lagrangian approach [summarized in (32), (33)], the original position [shown dashed in Fig. 4(a) ] of the left conductor and the right conductor are each discretized into 80 panels to compute the surface charge density. The charge density distributions on the conductors obtained by the Lagrangian as well as by the deformed configuration approach, are identical. This distribution is shown in Fig. 4(a) .
The geometry of the second example is identical to the geometry considered in the first example. However, in the second example we assume that the left conductor undergoes a rotation instead of a shear deformation. The initial and the deformed configurations of the second problem are shown in Fig. 4(b) . The dashed line again represents the original position and the solid shape is the deformed configuration. The displacement field of the deformed (or left) conductor is given by (39)
The surface charge density is again computed by the deformed configuration and the Lagrangian approaches. As shown The left conductor is subjected to a rotation (c) The left conductor is subjected to a stretch. Note that the surface charge densities computed by the deformed as well as by the Lagrangian approach are identical (both plots coincide).
in Fig. 4(b) , the surface charge density computed by both approaches is identical.
In the third example, we again consider the two conductor system. In this case we assume that the displacement field of the left conductor is given by (40) The original and the deformed configurations of the third example are shown in Fig. 4(c) . The surface charge density is again computed by both deformed configuration and Lagrangian approaches and identical results are obtained as shown in Fig. 4(c) .
In the next example, we consider two rectangular conductors or beams of dimensions 4 1 as shown in Fig. 5 . The distance between the two beams is 4 units along the -axis. A potential of 1 volt is applied on the top conductor and the bottom conductor is grounded. The bottom conductor is fixed. The left end of the top conductor is fixed and the displacement of the top beam is given by (41) The original and the deformed configurations of the system are shown in Fig. 5 . The problem is solved by using the Lagrangian and the deformed configuration approaches. The surface charge density computed by the Lagrangian approach is shown in Fig. 5(a) and the surface charge density computed by the deformed configuration approach is shown in Fig. 5(b) . The results look identical, but there is a small difference in the solutions obtained by the two approaches. The small error arises because of the geometrical approximations involved in the deformed configuration approach. When a conductor deforms or changes shape, the surfaces become curved. When curved surfaces are approximated by straight panels, numerical errors can be introduced into the deformed configuration approach.
To verify this observation, a refinement study is performed to investigate the difference in the solution between the two approaches. Each conductor is first discretized into 100 panels and the maximum difference between the two approaches is found to be 0.2%. The error due to the integration on the curved surfaces can be found between the peak differences. When the conductors are discretized into 200 panels each, the maximum difference reduced to 0.1% and the integration error is also reduced. The error plots are shown in Fig. 5(c) and (d) . The use of more panels to approximate curved surfaces reduces the integration error in the deformed configuration approach and hence the results are closer to the Lagrangian approach. From this example, we can conclude that the Lagrangian approach is more accurate as all the integrations are performed in the initial configuration.
The final example is a two conductor system containing two 8 1 rectangular beams. The distance between the two conductors is 8 units along the -axis. A potential of 1 volt is applied on the top conductor and the bottom conductor is grounded.
The bottom conductor is fixed and so is the left end of the top conductor. The top conductor is given a large displacement as shown in Fig. 6 . The surface charge densities computed with the two approaches are shown in Fig. 6 . Once again we observe that there are small differences in the two solutions. Since the surfaces are curved in the deformed configuration, the use of straight panels introduces numerical integration error in the deformed configuration approach. When the conductors are discretized into 50 panels each, we observe that the maximum error is about 1%. When 100 panels are used, the error reduces to 0.5%. The error plots are shown in Fig. 6(c) and (d) .
VI. CONCLUSION
In this paper, we have introduced a Lagrangian approach to compute electrostatic forces on deformable conductors. This approach is mathematically equivalent to the conventional deformed configuration approach. However, the Lagrangian approach possesses several advantages: 1) it does not require any update of the geometry of the structures 2) it eliminates integration error that arises when flat panels are used to approximate curved surfaces 3) interpolation functions need not be re-computed whenever a structure undergoes a shape change. Therefore, the Lagrangian approach is an accurate and efficient way to compute electrostatic forces on deformable MEMS. The combination of a Lagrangian approach for electrostatic analysis with a Lagrangian approach for mechanical analysis can radically simplify coupled electromechanical analysis. 
